Abstract. The analysis and the classification of all reductions for the nonlinear evolution equations solvable by the inverse scattering method is an interesting and still open problem. We show how the second order reductions of the N -wave interactions related to low-rank simple Lie algebras g can be embedded also in the Weyl group of g. This allows us to display along with the well known ones a number of new types of integrable N -wave systems. Some of the reduced systems find applications to nonlinear optics.
Introduction
It is well known that the N -wave equations [1, 2, 3, 4, 5, 6] are solvable by the inverse scattering method (ISM) [4, 5] applied to the generalized system of Zakharov-Shabat type [4, 7, 8] :
L(λ)Ψ(x, t, λ) = i d dx + [J, Q(x, t)] − λJ Ψ(x, t, λ) = 0, J ∈ h, (1.2)
where Q(x, t) and J take values in the simple Lie algebra g. Here h is the Cartan subalgebra of g, ∆ (resp. ∆ + ) is the system of roots (resp., the system of positive roots) of g; E α are the root vectors of the simple Lie algebra g. Indeed, equation ( Here and below r = rank g, and a, b ∈ E r are the vectors corresponding to the Cartan elements J, I ∈ h.
The inverse scattering problem for (1.2) with real valued J [1] was reduced to a Riemann-Hilbert problem for the (matrix-valued) fundamental analytic solution of (1.2) [4, 7, 8] ; the action-angle variables for the N -wave equations with g ≃ sl(n) were obtained in the preprint [1] , see also [9] . Most of these results were derived first for the simplest non-trivial case when J has pair-wise distinct real eigenvalues.
However often the reduction conditions require that J be complex-valued, see [8, 9, 10] . Then the construction of the fundamental analytic solutions and the solution of the corresponding inverse scattering problem for (1.2) becomes more difficult [11, 12] .
The interpretation of the ISM as a generalized Fourier transform and the expansions over the "squared solutions" of (1.2) were derived in [8] for real J and in [11] for complex J. This interpretation allows one also to prove that all Nwave type equations are Hamiltonian and possess a hierarchy of pair-wize compatible Hamiltonian structures [8, 11] {H (k) , Ω (k) }, k = 0, ±1, ±2, . . .. Indeed, as a phase space M ph of these equations one can choose the space spanned by the complex-valued functions {q α , p α , α ∈ ∆ + }, dim C M ph = |∆|. The the corresponding nonlinear evolution equation (NLEE) as, e.g. (1.1) and its higher analogs can be formally written down as Hamiltonian equations of motion: 6) where both Ω (k) and H (k) are complex-valued. The simplest Hamiltonian formulation of (1.1) is given by {H Here c 0 is a constant to be explained below, · , · is the Killing form of g and the triple [α, β, γ] belongs to M if α, β, γ ∈ ∆ + and α = β + γ; N β,γ is defined in (2.13), (2.14) below. The Hamiltonian of the N -wave equations and their higher analogs H (k) depend analytically on q α , p α . That allows one to rewrite the equation (1.6) as a standard Hamiltonian equation with real-valued Ω (k) and H (k) . The phase space then is viewed as the manifold of real-valued functions {Re q α , Re p α , Im q α , Im p α }, α ∈ ∆ + , so dim R M ph = 2|∆|. Such treatment is rather formal and we will not explain it in more details here.
Another better known way to make Ω (k) and H (k) real is to impose reduction on them involving complex or hermitian conjugation; below we list several types of such reductions. Obviously we can multiply both sides of (1.6) by the same constant c k . We will use this freedom below and whenever possible will adjust the constant c 0 (or c k ) in such a way that both Ω (0) , H (0) (or Ω (k) , H (k) ) are real. Physically to each term H(α, β, γ) we relate part of a wave-decay diagram which shows how the α-wave decays into β-and γ-waves. In other words we assign to each root α a wave with wave number k α and frequency ω α . Each of the elementary decays preserves them, i.e. k α = k β + k γ , ω(k α ) = ω(k β ) + ω(k γ ). Our aim is to investigate all inequivalent Z 2 reductions of the N -wave type equations related to the low-rank simple Lie algebras. Thus we exhibit new examples of integrable N -wave type interactions some of which have applications to physics.
From the definition of the reduction group G R introduced by A. V. Mikhailov in [10] and further developed in [13, 14, 15] it is natural that we have to have realizations of G R as: i) finite subgroup of the group Aut (g) of automorphisms of the algebra g; and ii) finite subgroup of the conformal mappings on the complex λ-plane. We impose also the natural restriction that the reduction preserves the form of the Lax operator (1.2). In particular that means that we have to limit ourselves only to those elements of Aut (g) that preserve the Cartan subalgebra h of g. This condition narrows our choice to V 0 ⊗ Ad (h) ⊗ W (g) where W (g) is the Weyl group of g and V 0 is the group of external automorphisms of g. As a result we find that the reduction is sensitive to the way G R is embedded into Aut (g).
We start with the Z 2 -reductions which provide the richest class of interesting examples and display a number of non-trivial and inequivalent reductions for the Nwave type equations.
In the next Section 2 we briefly outline the main idea of the reduction group [10] . In Section 3 we introduce convenient notations and describe how generic Z 2 -reductions act on H (0) and Ω (0) . We also list the properties of the Weyl groups for the algebras A k , B k , C k , k = 2, 3 and G 2 . The main attention here is paid to their equivalence classes. Obviously if two reductions generated by two different automorphisms A and A ′ are inequivalent then A and A ′ must belong to different equivalence classes of W (g). The list of the inequivalent reductions is displayed in Section 4. For each of the cases we list the restrictions imposed on the potential Q and the Cartan elements J and I. Whenever the reduction preserves the simplest Hamiltonian structure (1.7), (1.9), (1.10) we write down only the Hamiltonian. In the cases when the reduction makes the simplest Hamiltonian structure degenerate we write down the system of equations.
Whenever G R acts on iU (x, λ) as Cartan involution the result of the reduction is to get a real form of the algebra g. These cases are discussed in Section 5.
In Section 6 we formulate the effect of G R on the scattering data of the Lax operator. In the next Section 7 these facts are used to explain how in certain cases the reduction makes 'half' of the symplectic forms and 'half' of the Hamiltonians in the hierarchy degenerate. The paper finishes with several conclusions and two appendices which contain some subsidiary facts about the root systems of the Lie algebras (Appendix A) and the typical interaction terms in H I (Appendix B).
The present paper is an extended exposition of a part of our reports [16] with some misprints corrected.
Preliminaries and general approach
The main idea underlying Mikhailov's reduction group [10] is to impose algebraic restrictions on the Lax operators L and M which will be automatically compatible with the corresponding equations of motion (1.4). Due to the purely Lie-algebraic nature of the Lax representation (1.4) this is most naturally done by imbedding the reduction group as a subgroup of Aut g -the group of automorphisms of g. Obviously to each reduction imposed on L and M there will correspond a reduction of the space of fundamental solutions S Ψ ≡ {Ψ(x, t, λ)} of (1.2) and (1.5).
Some of the simplest Z 2 -reductions of N -wave systems have been known for a long time (see [10] ) and are related to external automorphisms of g and G, namely:
where A 1 belongs to the Cartan subgroup of the group G:
and H 1 ∈ h is such that α(H 1 ) ∈ Z for all roots α ∈ ∆ in the root system ∆ of g. Note that the reduction condition relates the fundamental solution Ψ(x, t, λ) ∈ G to a fundamental solutionΨ(x, t, λ) of (1.2) and (1.5) which in general differs from Ψ(x, t, λ). Another class of Z 2 reductions are related to external automorphisms of the type:
where A 2 is again of the form (2.2). The best known examples of NLEE obtained with the reduction (2.3) are the sine-Gordon and the MKdV equations which are related to g ≃ sl (2) . For higher rank algebras such reductions to our knowledge have not been studied. Generically reductions of type (2.3) lead to degeneration of the canonical Hamiltonian structure, i.e. Ω (0) ≡ 0; then we need to use some of the higher Hamiltonian structures (see [10, 11] ) for proving their complete integrability.
In fact the reductions (2.1) and (2.3) provide us examples when the reduction is obtained with the combined use of external and inner automorphisms.
Along with (2.2), (2.1) one may use also reductions with inner automorphisms:
and
Since our aim is to preserve the form of the Lax pair we limit ourselves by automorphisms preserving the Cartan subalgebra h. This condition is obviously fulfilled if A k , k = 1, . . . , 4 is in the form (2.2). Another possibility is to choose A 1 , . . . , A 4 so that they correspond to Weyl group automorphisms.
In fact (2.1) and (2.3) are related to external automorphisms only if g is from the A r series. For the B r , C r and D r series (2.1) is equivalent to an inner automorphism (2.4) with the special choice for the Weyl group element w 0 which maps all highest weight vectors into the corresponding lowest weight vectors (see Remark (1)). Finally Z 2 reductions of the form (2.1) in fact restrict us to the corresponding real form of the algebra g.
The reduction group
The reduction group G R is a finite group which preserves the Lax representation (1.4), i.e. it ensures that the reduction constraints are automatically compatible with the evolution. G R must have two realizations: i) G R ⊂ Autg and ii) G R ⊂ Conf C, i.e. as conformal mappings of the complex λ-plane. To each g k ∈ G R we relate a reduction condition for the Lax pair as follows [10] : 6) where C k ∈ Aut g and Γ k (λ) ∈ Conf C are the images of g k and η k = 1 or −1 depending on the choice of C k . Since G R is a finite group then for each g k there exist an integer N k such that g
In all the cases below N k = 2 and the reduction group is isomorphic to Z 2 .
More specifically the automorphisms C k , k = 1, . . . , 4 listed above lead to the following reductions for the matrix-valued functions
of the Lax representation:
Finite groups
The condition (2.6) is obviously compatible with the group action. Therefore it is enough to ensure that (2.6) is fulfilled for the generating elements of G R . In fact (see [17] ) every finite group G is determined uniquely by its generating elements g k and genetic code, e.g.:
For example the cyclic Z N and the dihedral D N groups have as genetic codes
Cartan-Weyl basis and Weyl group
Here we fix the notations and the normalization conditions for the Cartan-Weyl generators of g. We introduce h k ∈ h, k = 1, . . . , r and E α , α ∈ ∆ where {h k } are the Cartan elements dual to the orthonormal basis {e k } in the root space E r . Along with h k we introduce also 12) where (α, e k ) is the scalar product in the root space E r between the root α and e k . The commutation relations are given by [18, 21] :
We will denote by a = r k=1 a k e k the r-dimensional vector dual to J ∈ h; obviously J = r k=1 a k h k . If J is a regular real element in h then without restrictions we may use it to introduce an ordering in ∆. Namely we will say that the root α ∈ ∆ + is positive (negative) if (α, a) > 0 ((α, a) < 0 respectively). The normalization of the basis is determined by:
, 14) where the integer p ≥ 0 is such that α+sβ ∈ ∆ for all s = 1, . . . , p and α+(p+1)β ∈ ∆. The root system ∆ of g is invariant with respect to the Weyl reflections S α ; on the vectors y ∈ E r they act as
All Weyl reflections S α form a finite group W g known as the Weyl group. One may introduce in a natural way an action of the Weyl group on the Cartan-Weyl basis, namely:
It is also well known (see [22] ) that the matrices A α are given (up to a factor from the Cartan subgroup) by
where H A is a conveniently chosen element from the Cartan subgroup such that H 2 A = 1 1. The formula (2.17) and the explicit form of the Cartan-Weyl basis in the typical representation will be used in calculating the reduction condition following from (2.6).
Graded Lie algebras
One of the important notions in constructing integrable equations and their reductions is the one of graded Lie algebra and Kac-Moody algebras [18] . The standard construction is based on a finite order automorphism C ∈ Aut g, C N = 1 1. Obviously the eigenvalues of C are ω k , k = 0, 1, . . . , N − 1, where ω = exp(2πi/N ). To each eigenvalue there corresponds a linear subspace g (k) ⊂ g determined by
and the grading condition holds 19) where k + n is taken modulo N . Thus to each pair {g, C} one can relate an infinitedimensional algebra of Kac-Moody type g C whose elements are
The series in (2.20) must contain only finite number of negative (positive) powers of λ and
. This construction is a most natural one for Lax pairs; we see that due to the grading condition (2.19) we can always impose a reduction on L(λ) and M (λ) such that both U (x, t, λ) and V (x, t, λ) ∈ g C . So one of the generating elements of G R will be used for introducing a grading in g; then the reduction condition (2.6) gives
If in particular N = 2, the automorphism C has the form (2.1) and κ(λ) = λ * then all X k in (2.20) must be elements of the real form of g defined by C. We will pay special attention to this situation in Section 5 below.
A possible second reduction condition will enforce additional constraints on U 0 , V 0 and J, I.
Realizations of
It is well known that Aut g ≡ V ⊗ Aut 0 g where V is the group of external automorphisms (the symmetry group of the Dynkin diagram) and Aut 0 g is the group of inner automorphisms. Since we start with I, J ∈ h it is natural to consider only those inner automorphisms that preserve the Cartan subalgebra h. Then Aut 0 g ≃ Ad H ⊗W where Ad H is the group of similarity transformations with elements from the Cartan subgroup: 22) and W is the Weyl group of g. Its action on the Cartan-Weyl basis was described in (2.16) above. From (2.13) one easily finds
where c ∈ E r is the vector corresponding to H c ∈ h in (2.22). Then the condition C N = 1 1 means that (α, c) ∈ Z for all α ∈ ∆. Obviously H c must be chosen so that c = r k=1 2c k ω k /(α k , α k ) where ω k are the fundamental weights of g and c k are integer. In the examples below we will use several possibilities by choosing C k as appropriate compositions of elements from V , Ad H and W . In fact if g ≃ G 2 or belongs to B r or C r series then V ≡ 1 1.
Generically each element g k ∈ G R maps λ into a fraction-linear function of λ. Such action however is appropriate for a more general class of Lax operators which are fraction linear functions of λ. Since our Lax operators are linear in λ then we have the following possibilities for Z 2 :
In the examples below a 0 = b 0 = 0.
Inequivalent reductions
We will consider two substantially different types of reductions (2.1). The first and best known type of Z 2 -reductions corresponds to inner automorphisms C j from the Cartan subgroup which have the form (2.22) with N = 2.
For each of these reductions we will describe the structure of Ω (0) , H 0 and H I . To make the notations more convenient we will introduce α β, γ and H I (α) as follows
where Q α are introduced in (1.3) and M α is the set of pairs of roots [β, γ] such that β + γ = α, see Appendix A. In the last summation we do not require β and γ to be positive. The explicit expression for α β, γ allows us to check that
In proving (3.3) we used (2.14), (2.16) and the properties of the structure constants N β,γ of the Chevalley basis; namely, if α − β − γ = 0 then
and as a consequence
From (1.9) it also follows that
Indeed, using (3.3) we find that each triple α β, γ is equal to α β,γ where the triple of roots [α,β,γ] ∈ M.
Reductions with Cartan subgroup elements
For the first type the action of the reduction group on the Cartan-Weyl basis is given by (2.23) and the corresponding constraints on q α , p α have the form:
Let us describe how each of these constraints simplify the Hamiltonian H (0) = H 0 + H I and the symplectic form Ω (0) . We can write them down in the form:
For the case 1) we easily find
We have |∆ + | complex valued fields q α and the above expressions for Ω (0) and H 0 show that q α is dynamically conjugated to q * α . In the case 2) we consider only η = −1; the choice η = 1 means that a = − a and as a consequence we have J = 0, i.e. no N -wave equations are possible for η = 1. For η = −1 we have |∆ + | complex valued fields q α which up to a sign coincide with p α . Then H 0 (α), Ω (0) (α) and H I become identically zero. The corresponding set of equations is nontrivial but is does not allow a canonical Hamiltonian formulation. However it allows Hamiltonian description using other members in the hierarchy of Hamitonian structures.
In the case 3) we have 2|∆ + | 'real'-valued ‡ fields q α and p α . The formulae for H 0 (α), H I (α) and Ω (0) (α) (1.7)-(1.11) do not change, only each of the summands in them becomes real due to the fact that all fields q α and p α are now simultaneously either real or purely imaginary.
In the last case 4) we consider only η = 1; the choice η = −1 here means that a = − a and as a consequence we have J = 0, i.e. like in case 2) no N -wave equations ‡ Here and below we count as 'real' also the fields that are in fact purely imaginary. Obviously if α ∈ ∆ 1 + then s α = −1 and the fields q α , p α must vanish due to (3.7d). As a result the effect of the reduction is to restrict us to an N -wave system related to the subalgebra g 0 ⊂ g with root system ∆ 0 = ∆ 0 + ∪ (−∆ 0 + ). Such reductions are out of the scope of the present paper.
Reductions with Weyl group elements
For the second type of Z 2 -reductions C j 's are related to Weyl group elements w such that w 2 = 1 1. Generically w is a composition of several Weyl reflections S β1 S β2 . . . where the roots β 1 , β 2 , . . . are pair-wise orthogonal. Fixing up w we can split ∆ + into a union of four subsets:
where
Depending on the choice of w one or more of these subsets may be empty. From now on we will denote by ′ the action of w on the corresponding root: w(α) = α ′ and w(α ′ ) = α. . For definiteness below we will choose the element whose height is lower, i.e. α ∈∆ ± + if ht (α) < ht (±α ′ ). We will also make use of the sets 
with
We will also describe the effect of the reduction on H and Ω (0) . Using the notations defined in Eqs. (1.7)-(1.9) we can write
)
For the reductions (2.23) the restrictions on the potential matrix Q(x, t) read as follows:
The set of independent fields for each of these reductions are collected in the tables 1 and 2.
For the reductions of types 1) and 3) while the first two sets of variables are complex-valued, the fields related to the roots α ∈ ∆ || + for 1) and the fields related to roots α ∈ ∆ ⊥ + for 3) should be either real or purely imaginary due to (3.21a) and (3.21c) respectively. Below for the sake of brevity we will call them 'real'. In other words after the reduction we get an N -wave system with 2|∆ 
for the first reduction in (2.23);
for the second reduction in (2.23);
for the third reduction in (2.23); and
for the last reduction. The general properties of H(α) and Ω (0) (α) are as follows:
Obviously if α ∈ ∆ ⊥ + , i.e. α ′ = α then the expressions in the right hand side of (3.22) and (3.23) coincide with the ones in (3.9) and (3.11). However if α ′ = α > 0 (i.e., if α ∈ ∆ + + ) the field variable q α will be dynamically conjugated not to q * α but to q * α ′ . The same holds true for the second reduction in (2.23): If α ∈ ∆ ⊥ the expressions in left hand side of (3.25) and (3.26) coincide with the general ones. This fact makes these reduced N -wave systems substantially different from the ones described in Subsection 3.1.
In Appendix A we list the sets M α of all pairs of roots β, γ such that β + γ = α and the coefficients ω jk (1.9). In Appendix B we give explicit expressions for some of the specific reduced interaction Hamiltonian terms.
Inequivalent embeddings of Z 2 in W g
The reduction group G R may be imbedded in the Weyl group W (g) of the simple Lie algebra in a number of ways. Therefore it will be important to have a criterium to distinguish the nonequivalent reductions. As any other finite group, W (g) can be split into equivalence classes. So one may expect that reductions with elements from the same equivalence class would lead to equivalent reductions; namely the two systems of N -wave equations will be related by a change of variables.
In what follows we will describe the equivalence classes of the Weyl groups W (B 2 ), W (G 2 ) and W (B 3 ); note that W (B l ) ≃ W (C l ). This is due to two facts: 1) the system of positive roots for B r is ∆ + Br ≡ {e i ± e j , e i }, i < j while the one for C r series is ∆ + Cr ≡ {e i ± e j , 2e i }, i < j; and 2) the reflection S ej with respect to the root e j coincide with S 2ej -the one with respect to the root 2e j . In the tables below we provide for each equivalence class: i) the cyclic group generated by each of the automorphisms in the class; ii) the number of elements in each class and iii) a representative element in it.
Remark 1 For B r and C r series and for G 2 the inner automorphism w 0 which maps the highest weight vectors into the lowest weight vectors of the algebra acts on the Cartan-Weyl basis as follows:
Let us list the genetic codes of the Weyl groups for these Lie algebras:
where S 4 is the group of permutation of 4 elements. Their equivalence classes are listed in the tables below, where in the first line we denote the order of each of elements in the class, in the second line we list the number of elements in each class and on the third line give a representative element.
We leave more detailed explanations of the general theory of finite groups to other papers and turn now to the examples. Tables 1 and 2 .
In what follows whenever such situations arise we will provide the subset ∆ 0 or, equivalently the list of redundant functions in Q. Obviously both the corresponding N -wave equation and its Hamiltonian structures will depend only on the fields labelled by the roots α such that ( a r , α) = 0, see [19] . 
This algebra has three positive roots ∆ + = {10, 01, 11} where α 1 = e 1 −e 2 , α 2 = e 2 −e 3 and jk = jα 1 + kα 2 . Then Q(x, t) contains six functions and the set M contains only one triple M ≡ {[11, 01, 10]}. 
and we obtain the next 3-wave system:
Due to the reduction conditions for the elements of the potential matrix the Hamiltonian vanishes, see Remark 3.
Example 2 C 2 = 1 1. U * (ηλ * ) + U (λ) = 0. Therefore:
and we obtain 6 'real' fields and the 6-wave system with the following Hamiltonian:
The case η = 1 leads to the non-compact real form sl(3, R) for the A 2 -algebra.
We have:
and we obtain the 3-wave system with the Hamiltonian:
7)
and again
and we obtain the 3-wave system with the following Hamiltonian:
and H * (11, 01, 10) is defined by (4.7) . The case η = 1 extracts the compact real form su(3) for the A 2 -algebra.
We obtain:
and we obtain the 4-wave (2 real and 2 complex) system with the Hamiltonian:
. This reduction restricts the Cartan elements to be real (purely imaginary) for η = 1 (η = −1) and:
Thus we get the 3-wave system with the Hamiltonian: 
This algebra has four positive roots ∆ + = {10, 01, 11, 21} where α 1 = e 1 −e 2 , α 2 = 2e 2 and jk = jα 1 + kα 2 . Then Q(x, t) contains eight functions. The set M consists of two elements: M = { [21, 11, 10] , [11, 01, 10] }.
Then all functions q α , p α become real and the Cartan elements become purely imaginary for η = 1 and vice versa for η = −1; i.e.,
(4.14)
Thus we obtain 8 'real' fields and the 8-wave system with the Hamiltonian: with κ = (a 1 b 2 − a 2 b 1 ) which is related to the non-compact real form sp(4, R) of the C 2 -algebra.
which leads to the general 4-wave system on the compact real form sp(4, 0) (η = 1) of C 2 algebra with the Hamiltonian: and κ = a 1 b 2 − a 2 b 1 . 
Example 9 After a reduction of hermitian type
It is described by the following Hamiltonian: (4.19) . A particular case of (4.19) with s 1 = s 2 = ±1 and η = ±1 is equivalent to the 4-wave interaction, see [4] and is related to the compact real form sp(4, 0) of C 2 . For s 1 = −s 2 = ±1 and η = 1 the reduced system is related to the noncompact real form sp(2, 2) of C 2 -algebra.
Example 10 C 10 = S e1−e2 . C 10 (U * (ηλ * )) + U (λ) = 0 and η = ±1. This reduction gives the following restrictions:
Then we obtain the 5-wave (2 real and 3 complex) system which is described by the Hamiltonian: Example 11 C 11 = S 2e2 . C 11 (U * (ηλ * )) + U (λ) = 0 and η = ±1. Then we have:
which leads again to the 5-wave (2 real and 3 complex) system with the Hamiltonian:
and κ = a 1 b 2 − a 2 b 1 .
Here we get:
Then we obtain the following 4-wave system, see Remark 3: Note that here if the Cartan elements are real then the N -wave equations after the reduction become trivial except one case 13, see Remark 4.
This does not restrict the Cartan elements and for the potential matrix gives:
and a 6-wave system, see Remark 3: 
and a 6-wave system described by the Hamiltonian: (s 1 s 2 ) ). Then all Cartan elements become real (purely imaginary) for η = 1 (η = −1) and
which leads to a 6-wave system with Hamiltonian Example 17 C 17 = S α2 . C 17 (U * (ηλ * )) + U (λ) = 0 and η = ±1. Then: 
g ≃ A 3 = sl (4 )
This algebra has 6 positive roots: ∆ + = {100, 010, 001, 110, 011, 111} where again ijk = iα 1 + jα 2 + kα 3 and α 1 = e 1 − e 2 ; α 2 = e 2 − e 3 ; α 3 = e 3 − e 4 are the simple roots of the A 3 and leaves q 1 and p 1 unrestricted. Thus we obtain the 6-wave system with the Hamiltonian:
which is related to A 2 -subalgebra.
This reduction gives that all Cartan elements must be purely imaginary (real) for η = 1 (η = −1) and
Thus we get 12 'real' fields and 12-wave system with the Hamiltonian in general position with the upper restrictions. This reduction leads to the non-compact real form sl(4, R) of the A 3 -algebra.
Example 20 C 20 = S e1−e2 . C 20 (U * (ηλ * )) + U (λ) = 0. Then: Example 21 
This leads to the 7-wave (2 real and 5 complex) system with the Hamiltonian:
and this leads to the 6-wave system : Example 24 C 24 = S e2−e3 S e1−e4 . C 24 (U T (−λ)) + U (λ) = 0. Therefore:
and we obtain the 8-wave system with the Hamiltonian:
Here p 10 , q 10 and p 111 , q 111 are unrestricted fields.
This reduction gives that the Cartan elements must be real (purely imaginary) for η = 1 (η = −1) and for the potential matrix: 
thus we get 9-wave system. The Hamiltonian vanishes, see Remark 3 .
The interaction reduces to the 8-wave system with the Hamiltonian: Again Remark 3 applies and we obtain the next 8-wave system:
The Hamiltonian reduces to
)q 100,x + κ(q 10 q 112 + q 12 q 110 − 2q 11 q 111 ) = 0, ia 2 q 10,t − ib 2 q 10,x − κ(q 100 + q 122 )q 110 = 0, ia 1 q 110,t − ib 1 q 110,x − κ(q 100 − q 122 )q 10 = 0, ia 2 q 11,t − ib 2 q 11,x − κ(q 100 + q 122 )q 111 = 0, (4.63) ia 1 q 111,t − ib 1 q 111,x − κ(q 100 − q 122 )q 11 = 0, ia 2 q 12,t − ib 2 q 12,x − κ(q 100 + q 122 )q 112 = 0, 
This reduction makes all Cartan elements real for η = 1 and purely imaginary for η = −1 and
(4.64)
Thus we get the 9-wave system with Hamiltonian (1.9) with the upper restrictions.
After this reduction all Cartan elements become real for η = 1 and purely imaginary for η = −1 and where the terms H * (α, β, γ) are given in (4.7) . In the particular case s 1 = s 2 = s 3 = 1 the result coincides with example 34.
This reduction requires that all fields p α , q α are real while all Cartan elements must be purely imaginary for η = 1 and vice versa for η = −1. Thus we get 18-wave system with the Hamiltonian (1.9) . The case with η = 1 leads to the real form so(7, R) ≃ so(7, 0) for the B 3 -algebra. 
so we obtain the 10-wave (2 real and 8 complex) system with the Hamiltonian: 
and we obtain the 11-wave (4 real and 7 complex) system with Hamiltonian: 
As a result: Example 41 C 41 = w 0 . C 41 (U (−λ)) − U (λ) = 0. This reduction doesn't restrict the Cartan elements. Therefore:
and leads to the 9-wave system with vanishing Hamiltonian, see Remark 3. This system is similar to the general one without reductions but with the fields p α replaced by q α .
Example 42 C 42 = S e1−e2 . C 42 (U (λ)) − U (λ) = 0. Therefore:
and we obtain the 10-wave system which is described by the Hamiltonian: Example 43 C 43 = S 2e3 . C 43 (U (λ)) − U (λ) = 0. Then:
giving the 6-wave (complex) system with the Hamiltonian: Example 44
This gives:
and the next 8-wave system, see Remark 3: Example 45 C 45 = S 2e1 S 2e3 . C 45 (U (−λ)) − U (λ) = 0. Then:
so we get the next 8-wave system, see Remark 3: ia 1 q 100,t − ib 1 q 100,x − κ(q 111 p 10 + ip 10 q 110 ) = 0, ia 3 q 10,t − ib 3 q 10,x + κ(q 121 q 111 + iq 121 q 110 ) = 0, ia 3 q 1,t − ib 3 q 1,x + 2iκq 110 q 111 = 0, Example 46
This reduction means that all Cartan elements are real for η = 1 and purely imaginary for η = −1 and
Thus we get the 9-wave system with Hamiltonian (1.9) with the restrictions given above.
After this reduction all Cartan elements are real for η = 1 and purely imaginary for η = −1 and
85) 
221
, which leads to a 9-wave system with the Hamiltonian: (221, 111, 110) , where the terms H * (α, β, γ) are given in (4.7) . In the particular case s 1 = s 2 = s 3 = 1 we obtain the result of example 46.
This reduction means that all fields q α , p α are real and the Cartan elements are purely imaginary for η = 1 and vice versa for η = −1. Thus we get the 18-wave system with the Hamiltonian (1.9) . The case η = 1 leads to the non-compact real form sp(6, R) for the C 3 -algebra. 
giving the 11-wave (4 real and 7 complex) system with Hamiltonian: As we already mentioned, in several of the examples above the Z 2 -reductions act as Cartan involutions, i.e. iU (x, λ) belongs to a real form g R of the corresponding complex simple Lie algebra g. As a result the scattering matrix T (λ) (see eq. (6.2) below) belongs to the corresponding compact or non-compact Lie group.
It is well known that X ∈ g R if X ∈ g and (see e.g. [18] ):
where σ is an involutive Cartan automorphism: σ 2 = 1 1. The related Z 2 -reduction acts in addition on the complex spectral parameter λ via complex conjugation: κ(λ) = λ * . The compact real formg R of g is obtained with σ = 1 1. For the non-compact cases the Cartan involution splits the roots of g into compact and non-compact ones as follows: 1) If σ(E α ) = E α , where E α is the Weyl generator for the root α, we say that α is a compact root.
The non-compact roots are of two types depending on the orbit-size of σ: 2) If σ(E α ) = εE α , ε = ±1 the orbit of σ consist of only one element; 3) If σ(E α ) = εE −β , α = β > 0 and ε = ±1 then {α, β} is a two-element orbit of σ.
Let π be the system of simple roots of the algebra and π 0 be the set of the compact simple roots. The (inner) Cartan involution which extracts the non-compact real form g R from the compact one is given by:
Here
where {h i } is the basis in the Cartan subalgebra h ⊂ g dual to the orthogonal basis {e i } in the root space and {ω k } are the fundamental weights of the algebra.
Note that in the examples above for the A 2 and A 3 algebras the corresponding normal real forms sl(3, R), sl(4, R) and su * (4) are extracted with external automorphisms. We leave more details about non-compact real forms generated by external involutive automorphisms to the second paper of this sequence.
The list of the Cartan involutions for the considered real forms of the simple Lie algebras and the relevant examples is given in table 3.
6. Scattering data and the Z 2 -reductions.
In order to determine the scattering data of the Lax operator (1.2) we start from the Jost solutions 1) and the scattering matrix
Let us start with the simplest case when J has purely real and pair-wise distinct eigenvalues. Since the classical papers of Zakharov and Shabat [7, 20] the most efficient way to construct the minimal set of scattering data of (1.2) and to study its properties is to make use of the equivalent Riemann-Hilbert problem (RHP).
We treat below only the simplest non-trivial case when J has real pair-wise distinct eigenvalues, i.e. when (a, α j ) > 0 for j = 1, . . . , r, see [8] . Then one is able to construct the fundamental analytic solutions (FAS) of (1.2) χ ± (x, λ) by using the Gauss decomposition of T (λ): 
so (7) ≃ so(7, R) so(2, 5), Ex. 35 
sp (6), Ex. 46 and sp(6, R), Ex. 48 Ex. 47, s 1 = s 2 = s 3 = 1.
sp(2, 4), Ex. 47 where by "hat" above we denote the inverse matrixŜ ≡ S −1 and
. Here I is an element from the universal center of G and the superscript
) are analytic functions of λ for Im λ > 0 (or Im λ < 0 respectively). Then we can prove that [8] 
are FAS of (1.2) for Im λ ≷ 0. On the real axis χ + (x, λ) and χ − (x, λ) are linearly related by
and the sewing function G 0 (λ) may be considered as a minimal set of scattering data provided the Lax operator (1.2) has no discrete eigenvalues. The presence of discrete eigenvalues λ ± k means that some of the functions D
, will have zeroes and poles at λ ± k , for more details see [8, 25] . Equation (6.7) can be easily rewritten in the form:
can be considered as a RHP with canonical normalization condition. The solution ξ + (x, λ), ξ − (x, λ) to (6.8), (6.9) is called regular if ξ + (x, λ) and ξ − (x, λ) are nondegenerate and non-singular functions of λ for all Im λ > 0 and Im λ < 0 respectively. To the class of regular solutions of RHP there correspond Lax operators (1.2) without discrete eigenvalues. The presence of discrete eigenvalues λ ± k leads to singular solutions of the RHP; their explicit construction can be done by the Zakharov-Shabat dressing method [14, 20] .
If the potential q(x, t) of the Lax operator (1.2) satisfies the N -wave equation (1.1) then S ± (t, λ) and T ± (t, λ) satisfy the linear evolution equations 10) while the functions D ± (λ) are time-independent. In other words D ± j (λ) can be considered as the generating functions of the integrals of motion of (1.1).
If we now impose a reduction on L it will reflect also on the scattering data. It is not difficult to check that if L satisfies (2.6) then the scattering matrix will satisfy
Note that strictly speaking (6.11) is valid only for real values of λ (more generally, for λ on the continuous spectrum of L). If we choose reductions with automorphisms of the form (2.1), (2.2) and (2.3) for the FAS and for the Gauss factors S ± (λ), T ± (λ) and D ± (λ) we will get:
14)
where we also used the fact that A i belong to the Cartan subgroup of g. Next we make use of the integral representations for d ± j (λ) allowing one to reconstruct them as analytic functions in their regions of analyticity C ± . In the case of absence of discrete eigenvalues we have [8, 11] :
where ω j and |ω j are the j-th fundamental weight of g and the highest weight vector in the corresponding fundamental representation R(ω j ) of g. The function D j (λ) is a piece-wise analytic function of λ equal to:
where d ± j (λ) were introduced in (6.5) and the index j ′ is related to j by w 0 (α j ) = −α j ′ . Here w 0 is the Weyl reflection that maps the highest weight in R(ω j ) into the lowest weight of R(ω j ), see [21] .
The functions D j (λ) can be viewed also as generating functions of the integrals of motion. Indeed, if we expand 17) and take into account that D ± (λ) are time independent we find that dD j,k /dt = 0 for all k = 1, . . . , ∞ and j = 1, . . . r. Moreover it can be checked that D j,k expressed as functional of q(x, t) has a kernel that is local in q, i.e. depends only on q and its derivatives with respect to x.
From (6.15) and (6.12)-(6.14) we easily obtain the effect of the reductions on the set of integrals of motion; namely, for the reduction (6.12): 18) with η = 1; for (6.13) we have 19) and for (6.14)
In particular from (6.19) it follows that al integrals of motion with even k become degenerate, i.e. D j,2k = 0. The reductions (6.18) and (6.20) mean that "half" of the integrals D j,2k become real and the other "half" D j,2k -purely imaginary.
We finish this section with a few comments on the simplest local integrals of motion. To this end we write down the first two types of integrals of motion D j,1 and D j,2 as functionals of the potential Q of (1.2). Skipping the details (see [8] ) we get:
where H ∨ j = 2H ωj /(α j , α j ). The fact that D j,1 are integrals of motion for j = 1, . . . , r, can be considered as natural analog of the Manley-Rowe relations [1, 3] . In the case when the reduction is of the type (2.1), i.e. p α = s α q * α then (6.21) is equivalent to 23) and can be interpreted as relations between the densities |q α | 2 of the 'particles' of type α. For the other types of reductions such interpretation is not so obvious.
The integrals of motion D j,2 are directly related to the Hamiltonian of the N -wave equations (1.1), namely: 24) whereḊ(λ) = dD/dλ and F (λ) = λI is the dispersion law of the N -wave equation (1.1). In (6.24) we used just one of the hierarchy of scalar products in the Kac-Moody 25) see [24] .
Hamiltonian structures of the reduced N -wave equations
The generic N -wave interactions (i.e., prior to any reductions) possess a hierarchy of Hamiltonian structures. As mentioned in the Introduction the simplest one is {H (0) , Ω (0) }; the symplectic form Ω (0) after simple rescaling
becomes canonical with q as follows:
where q(x, t) = [J, Q(x, t)]. Using the completeness relation for the "squared" solutions which is directly related to the spectral decomposition of Λ we can recalculate Ω (k) in terms of the scattering data of L with the result:
3)
The first consequence from (7.3) is that the kernels of Ω (k) differs only by the factor λ k ; i.e., all of them can be cast into canonical form simultaneously. This is quite compatible with the results of [1, 2, 9] for the action-angle variables.
Again it is not difficult to find how the reductions influence Ω (k) . Using the invariance of the Killing form, from (7.3) and (6.12)-(6.14) we get respectively: Then for Ω (k) from (6.13) we find:
Like for the integrals D j,k we find that the reductions (6.12) and (6.14) mean that Ω (k) become real with a convenient choice for c k .
Let us now briefly analyze the reduction (6.13) which may lead to degeneracies. We already mentioned that D j,2k = 0, see (6.19) ; in addition from (7.7) it follows that Ω (2k) ≡ 0. In particular this means that the canonical 2-form Ω (0) is also degenerate, so the N -wave equations with the reduction (6.13) do not allow Hamiltonian formulation with canonical Poisson brackets. However they still possess a hierarchy of Hamiltonian structures:
where ∇H (k) = Λ∇ q H (k−1) ; by definition ∇ q H = (δH)/(δq T (x, t)). Thus we find that while the choices Ω (2k) , H (2k) for the N -wave equations are degenerate, the choices Ω (2k+1) , H
provide us with correct nondegenerate (though non-canonical) Hamiltonian structures, see [10, 8, 11] .
This well known procedure for constructing the fundamental analytic solutions of the Lax operators applies to the generic case when J has real and pair-wise distinct eigenvalues; such is the situation, e.g. in the examples 14 (η = 1), and 34, 46.
However in several other examples J has complex pair-wise distinct eigenvalues. In such cases one should follow the procedure described in [11] . We do not have the space to do so here, but will mention the basic differences. The most important one is that now the continuous spectrum Γ L of L is not restricted to the real axis, but fills up a set of rays Γ L ≡ ∪ α l α which are determined by l α ≡ {λ : Im λ(α, a) = 0}. Then it is possible to generalize the procedure described above and to construct a fundamental analytic solution χ ν (x, λ) in each of the sectors closed between two neighboring rays l ν . Then we can formulate again a RHP only now we will have sewing function determined upon each of the rays l ν ; possible discrete eigenvalues will lie inside the sectors.
If we now impose the reduction the first consequence will be the symmetry of Γ L with respect to it; more precisely, if λ ∈ Γ L then also κ(λ) ∈ Γ L . Finally we just note that the consequences of imposing the reductions (6.12)-(6.14) will be similar to the ones already described. In particular the reduction (6.13) leads to the degeneracy of "half" of the Hamiltonian structures, while the reductions (6.12) and (6.14) make these structures real with appropriate choices for c k .
The last most difficult situations that takes place in many examples above arises when two or more of the eigenvalues of J become equal. Then the construction of the FAS requires the use of the generalized Gauss decompositions in which the factors D ± (λ) are block-diagonal matrices while T ± (λ) and S ± (λ) are block-triangular matrices, see [19] . These problems will be addressed in subsequent papers.
Conclusions
We described the systems of N -wave type related to the low rank simple Lie algebras. In section 4 for any equivalence class of the Weyl group for the corresponding Lie algebra we choose one representative and we write down the corresponding reduced N -wave system. The complete list of the reduced systems is given in the tables below; two of the examples which we denote by ‡ can formally be listed in different locations of these tables, see Remark 1.
Ad h C(U T (±λ)) = −U (λ) Ex. 1 C(U * (±λ * )) = −U (λ) Ex. 2 Ex. 3 C(U † (±λ * )) = U (λ) Ex. 4 Ex. 5 Ex. 6
Ad h C(U * (±λ * )) = −U (λ) Ex. 7 Ex. 8 ‡ Ex. 10 Ex. 11 C(U (±λ)) = U (λ)
Ex. 12 C(U † (±λ * )) = U (λ) Ex. 8
Although the examples we have here do not seem to coincide with the ones in [28] there is a hope that some of them might find applications in physics. 5. Some preliminary results concerning the Z 2 × Z 2 reduction group are reported in [29] . with a similar particular case when α = −γ ′ .
